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1. INTRODUCTION 
It is a familiar result that if T is a Hilbert-Schmidt operator on a Hilbert 
space with nonzero eigenvalues h, , h, ,..+ repeated according to multiplicity, 
then the infinite product 
dT) = fi (1 - &I exp(W 
i=l 
(1.1) 
converges and defines an entire function of h [2, p. 10361. For special operators, 
other representations for q~( T) have been obtained (cf. [I, 3, 41). An extension 
of one such result is given by Rao [7] to a class of self-adjoint integral operators 
in L2[0, 71 of the form 
TJ(t) = lT k(t - s)f(s) ds. (1.2) 
The purpose of this paper is to show that Rao’s results extend, with essentially 
no change in proof, to a class of self-adjoint integral operators of the form 
T,f(t, 4 = L’ s, W - s, xv ~)f(s, Y) 40) 4 (1.3) 
where (D, 2, p) is a measure space for D a compact topological space and p a 
positive, finite, regular measure. Such operators arise in applications. An example 
from radiative transfer theory can be found in [5], where D is a finite set and T, 
is a matrix of integral operators with weakly polar kernels. 
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2. RESOLVENT KERNELS 
We make the following assumptions on the kernel k: 
(i) It is real-valued and inL,([--a,a] x D x D) for every a,O< a < 00 and 
7 
if 
k2(t - s, x, y) dp(y) ds d C(T) < co. 
0 -D 
(ii) The iterated kernel 
7 
&,(t, s, 3, Y) = ss 
k(t - u, x, sz) k(u - s, z, y) d&i) da 
0 D 
is in C([O, T]” x 0”) for every 7, 0 < 7 < Co. (2-l) 
(iii) Almost everywhere in R x D x D 
yt, x, y) = q--t, 3, y) = & y, x). 
It follows readily from these assumptions that T, in (1.3) is defined in 
L,([O, 71 x D) as a self-adjoint Hilbert-Schmidt integral operator. There is a 
sequence of eigenvalues {&(T)} with corresponding orthonormal eigenfunctions 
{~~(t, x; T} which are continuous in t and x (by assumption (ii)) and real-valued 
(by assumptions (i) and (iii)). 
If h is not a characteristic value of T, , then the resolvent operator 
A(1 - AT,)-l T, is an integral operator with kernel r. It follows from assump- 
tion (i) that the Mercer theorem applies to k, and that (I - XT,)-l is a bounded 
operator in L,[(O, T) x D]. Hence 
r(t, s, x, y; x, T) = qt - s> x9 Y) 
+X2 f i=l 1 *2k;(T) %(C xi 7) %(S, Yi 4 (2.2) 
where convergence of the series is in the uniform norm. 
We define two Hilbert-Schmidt integral operators, R, and R, , in L,(D) by 
the continuous kernels 
and 
r,(x, y; A, T) = I~$$+, s, x9 y; A 7) - fi(t - St x9 Y)l (2.3) 
S+O 
Y&, y; A, T) = li+m[r(t, s, x, y; h, T) - Xk(t - s, x, Y)l (2.4) 
S-O 
EXTENDED KAC-AHIEZER FORMULA 411 
These are trace class operators, because for any orthonormal basis {&} of L,(D) 
there is a function M of h such that 
by Bessel’s inequality and assumption (i) for h not a characteristic value. A 
similar argument for R, requires first the observation that, by assumption (iii), 
an orthonormal set of eigenfunctions {vi} can be chosen so that 
f&(7- - t, x; T) = &&, x; T). (2.5) 
We assume this done and write the set of eigenvalues as 
{A, ) A2 ,*..> = {A,+, A,+ ,... > u (Al-, A,- )... }, (2.6) 
where &+ and &- correspond to eigenfunctions with respective sign in (2.5). 
Our main result is 
THEOREM 1. If k satisfies conditions in (2.1) then 
fi (1 - hAi E~PGWN = EXP [-[ j-- I&, x; 4 u) dp(x) do] (2.7) 
l--l (1 - h+(d) EXpWi+(d) 
n (1 - XX,-(,) Exp(&-(7)) = EXP [-i* s, Y~(Y,Y; A, 0) 4(y) do], (2.8) 
for X not in the set of characteristic values of T, . 
This theorem is an immediate consequence of (2.2)-(2.5) the formulas 
and 
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THEOREM 2. If k satis$es conditions in (2.1), then each X,(T) is an absolutely 
continuous function of 7 and 
(2.11) 
Proof. We give only a brief sketch of the detailed proof in [6]. Monotonicity 
with r of X,(T) follows from the min-max characterization of eigenvalues. Hence 
hi is differentiable almost everywhere, and the argument in [6] extends to show 
hi absolutely continuous. 
The representation (2.11) is proven as in [6] by considering a sequence {TV} 
decreasing to 7, extending TV, which is normalized in L,([O, TJ x D), from 
[0, TV] x D to [0, ~~1 x D by the integral equation 
hi2(Tj)cpi(t, x; Tj) = Ti ss W, s, x, Y) ds, Y; 4 444 4 0 D 
showing the sequence {~i(7j)}jm=1 t o b e uniformly bounded and equicontinuous on 
[0, TJ x D, and obtaining a subsequence for which 
hi(Tj’) - x,(T) ’ 
7-j’ - 7 J-s 




s s Tj’-7 , 
pi@, x, ~j*) vi(t, x; T> d&) dt. 
,, 
3. KAC-AHIEZER FORMULA 
The results in Theorem 1 are interesting when the kernels rl and ~a can be 
written as 
and 
r&, J’; h, T) = r(O, 0, X, Y; A, T) - A@, x, Y) (3.1) 
r&X, J’; h, T) = r(T, 0, -5 Y; A, T) - hk(T, X, Y) (3.2) 
for almost all 7. With this in mind we define 
Condition I. For some E > 0, K is continuous in [-E, G] x D x D. 
Condition II. The function K defines a mapping from the real line to the 
Banach space C(D x D) which is continuous almost everywhere and Bochner 
integrable. 
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We consider the integral equation 
a@, x, y; A, 7) = w, x3 Y) 
+ x joT jD k(t - s, x, z) a(x, z, y; A, T) dp(x) as. (3.3) 
If Condition I holds, then 
r,(x, y; A, T) = oI(0, x, y; A, 7) - qo, x9 Y), 
and operators Kr and A, are defined in L,(D) by continuous kernels K(0, x, y) 
and 01(0, x, y; A, T) so that 
R, = A, - XK, . 
If Condition II holds, then 
for almost all 7. 
We restate Theorem 1. 
COROLLARY 1. If k satisfies (2.1) and Condition I, then for h satisfying ;\& # 1 
for i = 1, 2,..., 
fi (1 - A&(T)) ExP(&(T)) 
i-1 
= Exp [XT s, k(0, x, 3) 444 - joT jD 4% x, 3; A 0) d/4x) du]. (3.4) 
COROLLARY 2. If k satisfies (2.1) and Condition II, then for h satisfying 
Mi # 1 for i = 1,2,..., 
n (1 - Ah+‘(T)) Exp(&+(~)) 
n (1 - M-(T)) E~p(hh~-(T)) 
7 = Exp 
[s f o D 
[hk(a, x, x) - OI(U, x, x; /1, u)] dp(x) du]. 
Any additional smoothness condition on k which guarantees uniform con- 
vergence of the representation 
k(t - s, x, Y) = f b& 4 vi(s, Y) 
i=l 
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gives, by Theorem 2, the Kac-Ahiezer formula 
jj (1 - 4(T)) = EXP [-( /, 40, x, x; 4 4 444 dc]. (3.6) 
The following is sufficient for this to follow from the Mercer theorem: 
Condition III. The real-valued kernel K satisfies (iii) of (2.1), is in 
C[(-co, a) x D2] n L,[(--co, 00) x W], and the Fourier transform in t, 
&, x, Y) = 1-1 W, x, Y) ExpW) 4 
defines a positive Hermitian operator in L,(D) for every E, ---CO < E < co. 
For real h, not a characteristic value of T, , RI and R, are self-adjoint operators 
in L,(D) and R, is quasi-definite for each such h. By the Mercer theorem we can 
compute the trace of R,(h, T) by 
We have 
COROLLARY 3. If k satis$es (2.1) and Condition I, and if Kl is quasi-definite, 
then for real h satisfying Ah, # 1 for i = 1,2,... 
= Exp 
[ 
hr Tr Kl - s,’ Tr A,(h, u) do]. (3.7) 
If k satis$es Condition III, then 
fi (1 - h&(T)) = EXP [-s: Tr A#, 0) dc]. (3-g) 
In special cases it is also possible to express (3.5) in terms of the traces of 
operators. In particular, for D a finite set, (3.4)-(3.6) can be expressed in terms of 
traces of matrices for all X outside the set of characteristic values of T, . 
REFERENCES 
1. N. I. AHIEZER, A Continual analogue of some theorems on Toeplitz matrices, Ukrain. 
Mat. 2. 16 (1964) (Amer. Math. Sm. Transl. 50 (1966), 295-316). 
2. N. DUNFORD AND J. T. SCHWARTZ, “Linear Operators, Part II,” Interscience, New 
York, 1963. 
EXTENDED KAC-AHIEZER FORMULA 415 
3. I. J. HIRSCHMAN, “On a formula of Kac and Ahiezer,” J. Math. JJech. 16 (1966), 
167-196. 
4. M. KAC, Theory and applications of Toeplitz forms, in “Proceedings of the Summer 
Institute on Spectral Theory and Statistical Mechanics, Brookhaven National Labora- 
tory, 1965,” pp. l-56. 
5. T. W. MULLIKIN, The complete Raleigh-scattered field within a homogeneous plane- 
parallel atmosphere, Astrophys. J. (1966), 896-931. 
6. R. VITTAL RAO, On the eigenvalues of integral operators with difference kernels, /. 
Math. Anal Appl. 53 (1976), 554-566. 
7. R. VITTAL RAO, Extended Ahiezer formula for the Fredholm determinant of difference 
kernels, J. Math. Anal. Appl. 54 (1976), 79-88. 
